Abstract. We extend the formalism of dark matter directional detection to arbitrary onebody dark matter-nucleon interactions. The new theoretical framework generalizes the one currently used, which is based on 2 types of dark matter-nucleon interaction only. It includes 14 dark matter-nucleon interaction operators, 8 isotope-dependent nuclear response functions, and the Radon transform of the first 2 moments of the dark matter velocity distribution. We calculate the recoil energy spectra at dark matter directional detectors made of CF 4 , CS 2 and 3 He for the 14 dark matter-nucleon interactions, using nuclear response functions recently obtained through numerical nuclear structure calculations. We highlight the new features of the proposed theoretical framework, and present our results for a spherical dark matter halo and for a stream of dark matter particles. This study lays the foundations for model independent analyses of dark matter directional detection experiments.
Introduction
The Earth's motion with respect to the galactic rest frame is expected to produce a flux of dark matter particles across the surface of the planet [1] . Fixed target experiments can in principle detect these particles, if they scatter and deposit energy in low-background detectors [2] [3] [4] .
The angular distribution of nuclear recoil events from dark matter-nucleus scattering at fixed target experiments is not isotropic, as the Earth's motion selects a preferred direction in the sphere of recoil directions [5] . Recoil events are mainly expected in the direction opposite to the observer's motion, or in a ring around it for large dark matter particle mass to recoil energy ratios [6] .
Dark matter directional detectors are designed to measure anisotropies in the distribution of nuclear recoil events at fixed target experiments. Specifically, their task is to measure the recoil momentum vector of nuclei scattered off by dark matter particles from the local galactic population [7] . The sense of the recoil momentum vector is also called the "head-tail" of the recoil track.
Dark matter directional detection experiments currently in a research and development stage are DRIFT [8, 9] , MIMAC [10, 11] , DMTPC [12, 13] , NEWAGE [14, 15] and D3 [16] . They adopt diffuse gas detectors and time projection chambers to reconstruct the nuclear recoil tracks. Alternative approaches include the use of nuclear emulsions [17] , dark matterelectron scattering in crystals [18] and DNA detectors [19] . In the near future, directional detection experiments should reach the sensitivity to detect standard weakly interacting massive particles (WIMPs), as those predicted by SUSY [20] [21] [22] [23] or extra-dimensional theories [24] [25] [26] [27] .
The recoil energy spectrum expected at dark matter directional detectors has so far been computed for two types of dark matter-nucleon interaction only, e.g. [28] [29] [30] [31] [32] [33] [34] [35] [36] [37] . One is the familiar spin-independent interaction. The other one is the well-known spin-dependent dark matter-nucleon interaction. At the quantum mechanical level, both interactions are independent of the momentum transfer operator, and of the dark matter-nucleon relative velocity operator.
Though assuming momentum and velocity independent dark matter-nucleon interactions is a reasonable first approximation, it only provides a limited, and to some extent biased description of the actual complexity of the dark matter-nucleus scattering [38] . The most general non-relativistic effective theory for one-body dark matter-nucleon interactions predicts 14 Galilean invariant dark matter-nucleon interaction operators, each with an isoscalar and an isovector component [39, 40] . On purely observational grounds, there is no reason to neglect any of the 14 interaction operators, which motivates the exploration of more general approaches.
In this work we extend the formalism of dark matter directional detection to arbitrary one-body dark matter-nucleon interactions. The ultimate goal of this study is to set the bases for fully model-independent analyses of future dark matter directional detection experiments. Non-relativistic dark matter-nucleon interaction operators were previously explored in the context of dark matter direct detection in , and studying the dark matter capture by the Sun in [60] [61] [62] [63] [64] [65] [66] [67] .
The paper is organized as follows. In Sec. 2 we introduce the non-relativistic effective theory of dark matter directional detection. The theory is carefully explored in Sec. 3 for three benchmark detectors and two astrophysical configurations. We summarize our results in Sec. 4 , and list useful equations in the Appendixes.
Effective theory of dark matter directional detection
In this section we extend the formalism of dark matter directional detection to arbitrary one-body dark matter-nucleon interactions.
Dark matter-nucleus scattering in effective theories
We start with a brief review of the effective theory of one-body dark matter-nucleon interactions [39] . It provides a general framework for the study of dark matter scattering from target nuclei at directional detectors.
Under the assumption of one-body dark matter-nucleon interactions, the Hamiltonian densityĤ
describes the most general short-range dark matter-nucleus interaction [39] . In Eq. (2.1), the sum over i = 1, . . . , A, where A is the target nucleus mass number, reflects the assumption of one-body interactions. The 14 dark matter-nucleon interaction operatorsÔ (i) k depend on the momentum transfer operatorq, on the relative transverse velocity operatorv ⊥ , and on the dark matter particle and nucleon spin operators,Ŝ χ andŜ N , respectively [39] . We list them in Tab. 1. Introducing the 2 × 2 matrices in isospin space t 0 = 1 and t 1 = τ 3 , where τ 3 is the third Pauli matrix, we relate the isoscalar and isovector coupling constants, c 0 k and c 1 k respectively, to the coupling constants for protons (c p k ) and nucleons (c n k ) as follows: Table 1 . Non-relativistic quantum mechanical operators defining the general effective theory of onebody dark matter-nucleon interactions. All operators have the same mass dimension, and m N is the nucleon mass. Here and in the next sections we omit the nucleon index (i).
Defined in this way, c 0 k and c 1 k have dimension mass to the power of −2. The Hamiltonian density (2.1) admits the following coordinate space representation
It depends on the Pauli matrices that represent the ith-nucleon spin operator σ i , on the dark matter-nucleus relative distance r, and on the ith-nucleon position in the nucleus center of mass frame r i [39] . Eq. (2.2) describes the dark matter coupling to the nuclear vector charge (first term in the first line), to the nuclear spin-current (second term in the first line), to the nuclear convection current (second line), and finally, to the nuclear spin-velocity current (last line). The exact nature of these couplings is encoded in the four operatorsl τ 0 ,l τ 5 ,l τ M , andl τ E . They are defined as followŝ
The four operatorsl τ 0 ,l τ 5 ,l τ M , andl τ E depend on the dark matter particle spin operator S χ , on the momentum transfer operatorq, and on the operatorv
Analogous coordinate space representations forq andv ⊥ T can be found in [68] . The Hamiltonian density in Eq. (2.2) leads to the following transition probability for dark matter-nucleus scattering
where M T is the transition amplitude, J is the nuclear spin, and the angle brackets denote a sum (average) over the final (initial) spin-configurations. The index k in Eq. (2.4) extends over the 8 nuclear response functions W τ τ k (y) defined below in Sec. 2.2 together with the new kinematical variable y.
We refer to the 8 functions R τ τ k in Eq. (2.4) as dark matter response functions. They are quadratic in matrix elements of the operators in Eq. (2.3), and depend on q 2 /m 2 N and on
, where v is the dark matter-nucleus relative velocity, m N is the nucleon mass, and µ T the reduced dark matter-nucleus mass. We list the functions R τ τ k in Appendix A.
The differential cross-section for dark matter scattering from nuclei of type T and mass m T can finally be written as follows 5) which for arbitrary interactions is a function of the momentum transfer, and of the dark matter-nucleus relative velocity.
Nuclear response functions and target materials
The 8 nuclear response functions in Eq. (2.4) arise from a multipole expansion of the nuclear charge and currents in Eq. (2.2), and are defined as follows
The multiple expansion index L must be less then 2J. In Eq. (2.6), we label the state |J, T, M T using the nuclear spin J, the nuclear isospin T , and the isospin magnetic quantum number M T . The functions W τ τ αβ are therefore quadratic in nuclear matrix elements reduced in the nuclear spin magnetic quantum number. Assuming the harmonic oscillator basis for single-nucleon states, the nuclear response functions W τ τ αβ depend on y = (bq/2) 2 only, where
The nuclear response operators α LM ;τ and β LM ;τ in Eq. (2.6), can each be one of the following operators
where L m1λ|L 1LM are Clebsch-Gordan coefficients, and e λ is a spherical unit vector basis. In Eq. (2.4), the index k extends over pairs αβ of nuclear response operators, e.g. k = ∆Σ . We however use the notation W τ τ α (y) ≡ W τ τ αβ (y) for α = β. Dark matter directional detection experiments currently in a research and development stage mainly exploit target materials made of CF 4 , CS 2 and 3 He, or of mixtures of them. For instance, experiments like DMTPC and NEWAGE adopt detectors composed of CF 4 , whereas DRIFT and MIMAC use, respectively, CS 2 (or a CS 2 -CF 4 mixture) and 3 He (or CF 4 ) as target materials.
For the elements 3 He, 12 C, and 32 S, we use the nuclear response functions derived in [68] through numerical nuclear structure calculations. For 19 F we adopt the nuclear response functions found in [39] . For reference, the nuclear response functions relevant for dark matter directional detection are listed in Appendix B.
Recoil energy spectra
For a given dark matter-nucleon interaction operator in Tab. 1, and a given target material, the double differential nuclear recoil energy spectrum per unit time and per unit detector mass expected at a directional detection experiment is given by
where E R = q 2 /(2m T ) is the nuclear recoil energy, w the nuclear recoil direction (|w| 2 = 1), m χ the dark matter particle mass, ξ T the mass fraction of the nucleus T in the target material, and ρ χ the local dark matter density. In Eq. (2.10), w T = q/2µ T is the isotopedependent minimum velocity required to transfer a momentum q from the target nucleus to the dark matter particle, and v e (t) is the time-dependent Earth's velocity in the galactic rest frame. The angle θ is measured with respect to the reference direction v e (t). Here we assume azimuthal symmetry of d 2 R/dE R dΩ around the direction v e (t), i.e. dΩ = 2πdcos θ. The integral in Eq. (2.10) corresponds to the Radon transformf M of the local dark matter velocity distribution f in the galactic rest frame boosted to the detector frame times the transition probability (2.4):
Our assumptions regarding f (v + v e (t)) and v e (t) will be discussed in the next subsection, where we also provide analytic expressions for the Radon transformf M , given the transition probability (2.4).
In the figures of Sec. 3 we plot the differential number of recoil events around cos θ per unit time and per unit detector mass:
where E th is the detector energy threshold.
Radon transforms
For f (v + v e (t)) we assume a normalized Maxwell-Boltzmann distribution truncated at the escape velocity v esc : 13) where the normalization constant N esc is given by 14) and σ v is the velocity dispersion. In Eqs. (2.13) and (2.14), v esc and v e (t) are measured in the galactic rest frame, whereas v is the dark matter-nucleus relative velocity in the detector frame. Eq. (2.13) is a standard assumption for the local dark matter velocity distribution. Though a first approximation only, it allows to analytically computef M (w T , w) for a given transition probability |M T | 2 spins . We leave the exploration of velocity distributions selfconsistently generated by Eddington's inversion method [69] , or by its anisotropic extensions [70, 71] , for future work.
Inspection of Eq. (A.1) shows that for arbitrary one-body dark matter-nucleon interactions, two independent Radon transforms appear in Eqs. (2.10) and (2.12). One,f
Within the approximation (2.13), we can analytically calculate bothf
M . We find
( 2.16) for (w T + |v e (t)| cos θ) < v esc , and zero otherwise. We have verified the validity of Eqs. (2.15) and (2.16) using the Radon transform inversion theorem, which under minimal regularity conditions relates a function g to its Radon transformĝ as follows
In Eq. (2.17),ĝ (x, w) ≡ ∂ 2ĝ (x, w)/∂x 2 , x = v·w, and the integral is over all recoil directions w. Using Eq. (2.17), we were able to re-derive f (v+v e (t)) and v 2 f (v+v e (t)) from Eq. (2.15) forf The Earth's velocity v e (t) in the equations of Secs. 2.3 and 2.4 is the vectorial sum of the local standard of rest velocity, of the solar motion, and of the Earth's velocity with respect to the Sun. Here we consider a local standard of rest velocity of 220 km s −1 , a solar motion of (11.1, 12.2, 7.2) km s −1 , and neglect the remaining (time-dependent) contribution to v e (t). As for the Maxwell-Boltzmann approximation (2.13), this is a standard assumption regarding v e (t), but it is not free from uncertainties. We refer to [72] [73] [74] [75] for an exhaustive discussion on this subject. If not otherwise specified, we assume σ v = 156 km s −1 , ρ χ = 0.4 GeV cm −3 , and v esc = 533 km s −1 [73, 76, 77] .
Phenomenology
In this section we study the phenomenology of the effective theory of dark matter directional detection defined in Sec. 2. The main observable we are interested in is the differential number of recoil events around cos θ per unit time and per unit detector mass, namely dR/dcos θ in Eq. (2.12). Using the Radon transforms of Sec. 2.4, and the nuclear response functions defined in Sec. 2.2, and given in Appendix B, we now compute dR/dcos θ for all dark matternucleon interaction operators in Tab. 1. In Secs. 3.1 and 3.2 we focus on scattering events induced by dark matter particles from the Milky Way dark matter halo. As an example of an alternative astrophysical configuration, in Sec. 3.3 we consider a hypothetical stream of dark matter particles moving in the direction of −v e (t). If not otherwise specified, we assume E th = 0. Only in Sec. 3.4 we relax this assumption, and quantify the impact of E th = 0 on dR/dcos θ.
In the following, the angle θ is measured with respect to the reference direction v e (t). To simplify the comparison of different figures, in all plots we assume a single coupling constant different from zero and equal to 10 −3 /m 2 v at the time, where m v = 246.2 GeV is the electroweak scale. Results are presented for three benchmark dark matter directional experiments with head-tail discrimination made of CS 2 , CF 4 , and 3 He, respectively. For definitiveness we consider spin-1/2 dark matter. 
Momentum/velocity independent operators
We start with an analysis of the only momentum transfer and relative velocity independent operators, namelyÔ 1 andÔ 4 . In Eq. (2.2), the operatorÔ 1 contributes to the nuclear vector charge through the nuclear response operator M LM ;τ , which in the low momentum transfer limit measures the nuclear mass number. The operatorÔ 4 contributes to the nuclear spin current through Σ LM ;τ and Σ LM ;τ , which in the low momentum transfer limit measure the nucleon spin content of the nucleus.
The cross-sections for dark matter-proton and dark matter-neutron scattering derived from the operatorÔ 1 are
respectively. Similarly, from the operatorÔ 4 one obtains the cross-sections for dark matterproton and dark matter-neutron scattering
2) respectively. Here µ N = m χ m N /(m χ + m N ) is the reduced dark matter-nucleon mass, and j χ = 1/2 is the dark matter particle spin.
Eqs. (3.1) and (3.2) connect the formalism reviewed and developed here, to standard analyses of dark matter directional detection, where c 0 1 = c 1 1 and c 0 4 = c 1 4 is commonly assumed. In contrast, here we consider c 0 1 , c 1 1 , c 0 4 , and c 1 4 as independent parameters, and compute dR/dcos θ accordingly. Fig. 1 shows the differential rate dR/dcos θ as a function of cos θ for the operatorsÔ 1 andÔ 4 . In the left panels we focus on the isoscalar coupling constants c 0 1 and c 0 4 , whereas the right panels are devoted to the isovector coupling constants c 1 1 and c 1 4 , respectively. In the plots different colors and lines refer to the target materials, and to the values of the dark matter particle mass reported in the legends.
The isoscalar component of the operatorÔ 1 can be probed by detectors made of CS 2 , CF 4 , and 3 He. In contrast, a detector composed of CS 2 would be insensitive to the isovector component of the operatorÔ 1 .
Regarding the operatorÔ 4 , we find that this interaction cannot be detected using CS 2 as a target material, as both 12 C and 32 S have spin zero. We also observe that the isoscalar and isovector components of the operatorÔ 4 generate a similar differential rate dR/dcos θ, as the nuclear response functions W 00 Σ , W 11 Σ , W 00 Σ , and W 11 Σ differ by about a factor of 2 for 19 F and 3 He (see appendix B).
Momentum/velocity dependent operators
Next, we focus on the dark matter-nucleon interactions in Tab. 1 depending on the momentum transfer operatorq, on the dark matter-nucleus transverse relative velocity operatorv ⊥ , or on both.
Contrary toÔ 1 andÔ 4 , for these operators the differential rate dR/dcos θ can depend on nuclear response functions that do not appear in the theory of electroweak scattering from nuclei, and are specific to one-body dark matter-nucleon interactions. An example of nuclear response functions that are not generated by the operatorsÔ 1 andÔ 4 is W τ τ Φ , which is different from zero for 12 C, 19 F and 32 S. The corresponding nuclear response operator Φ LM ;τ (q) measures the content of nucleon spin-orbit coupling in the nucleus. Therefore, W τ τ Φ can be large for isotopes with non fully occupied single-nucleon orbits of large angular momentum [39] .
Figs. 2, 3, 4, 5, 6 and 7 show the differential rate dR/dcos θ as a function of cos θ for the interaction operators in Tab. 1 that depend onq and/orv ⊥ . Different colors correspond to distinct target materials. As in the previous section, we compute dR/dcos θ for directional detectors with head-tail discrimination made of CS 2 , CF 4 and 3 He. Solid, dashed and dotdashed lines denote a dark matter particle mass m χ of 10 GeV, 100 GeV and 1000 GeV, respectively.
The amplitude of the differential rate dR/dcos θ for a given interaction operatorÔ k reflects the number ofq andv ⊥ operators that multiply c τ k in Eq. (2.3). However, it also crucially depends on the nuclear response functions in Appendix B integrated over energies larger than E th .
As an example of the importance that nuclear response functions can have in the calculation of dR/dcos θ, let us focus on the operatorsÔ 4 =Ŝ χ ·Ŝ N andÔ 11 = iŜ χ ·q/m N . The former generates a nuclear spin current, the latter a nuclear vector charge. We find that for CF 4 detectors, the isoscalar component of the operatorÔ 11 contributes to dR/dcos θ with the same strength of the isoscalar component of the operatorÔ 4 , thoughÔ 4 is momentum independent. For 12 C and 19 F, the response function W 00 M is larger than W 00 Σ and W 00 Σ , and it compensates for the momentum suppression characterizing the operatorÔ 11 . Interestingly, in the literature the operatorÔ 11 is much less explored than the familiar spin-dependent operatorÔ 4 . In Figs. 2, 3 , 4, 5, 6 and 7, we also observe that (besides 2 exceptions discussed below) the spin-dependent operators in Tab. 1, i.e.Ŝ N dependent, do not produce any signal at CS 2 detectors, as both 12 C and 32 S have spin 0. The operatorsÔ 12 
] constitute 2 interesting exceptions. Thougĥ S N dependent, they do not only induce a dark matter coupling to the nuclear spin. They also generate the nuclear response function W τ τ Φ , which is different from zero for 12 C and 32 S. Interestingly, detectors made of CS 2 cannot probe any dark matter-nucleon isovector coupling.
We conclude this section with a brief discussion on the m χ dependence of the differential rate (2.12). The rate dR/dcos θ depends on m χ through the minimum velocity w T , and the dark matter number density (ρ χ /m χ ). The factor (ρ χ /m χ ) in Eq. (2.12) is the same for all operators in Tab. 1. The dependence on m χ of dR/dcos θ is therefore non trivially determined by the operator-dependent double integral in Eq. (2.12). For a given interaction operator, the dependence of dR/dcos θ on m χ can be qualitatively understood from a plot of the total scattering rate as function of m χ . Fig. 8 shows the total rate R, defined as
3) as a function of m χ for all operators in Tab. 1. We find that for operators with differential cross-sections (2.5) independent of q, or depending on q trough v ⊥2 T only, the total rate R grows with m χ up to m χ ∼ 10 GeV, and then it decreases for larger masses. This applies to the operatorsÔ 1 ,Ô 4 ,Ô 7 , andÔ 8 . For operators with differential cross-sections explicitly depending on momentum, i.e. not through v ⊥ T only, R grows up to m χ of the order of 100 GeV, and then it decreases for larger values of m χ . The m χ dependence observed in Fig. 8 reflects in Figs. 2, 3, 4 , 5, 6 and 7 accordingly.
Changing astrophysical assumptions
In the limit σ v /|v e | → 0, the equations derived in Sec. 3.3 can also be applied to the directional detection of dark matter particles from galactic streams. Here we focus on a hypothetical stream of dark matter particles moving at a speed of 300 km s −1 in the direction of −v e , with velocity dispersion σ v = 5 km s −1 and ρ χ = 0.3 GeV cm −3 . Fig. 9 shows the differential rate dR/dcos θ as a function of cos θ for the hypothetical dark matter stream described above, and for all dark matter-nucleon interaction operators in Tab. 1. Here we consider CF 4 as a target material, m χ = 100 GeV as a benchmark dark matter particle mass, and E th = 0. T only, the total rate R grows with m χ up to m χ ∼ 10 GeV, and then it decreases for larger masses. For operators with differential cross-sections explicitly depending on q, R grows up to m χ of the order of 100 GeV, and then it decreases for larger values of m χ .
For interaction operators independent of v ⊥ , the differential rate dR/dcos θ has a maximum at cos θ = −1, and it rapidly goes to zero around cos θ = 0, as expected for the stream considered here.
For interaction operators that do depend on v ⊥ , dR/dcos θ is linear inf (2) M (w T , w), and it therefore exhibits a different behavior. For these operators dR/dcos θ has a maximum at larger values of cos θ, because of thef (2) M (w T , w) contribution to the differential rate. This interesting effect is not present when only the interaction operatorsÔ 1 andÔ 4 are considered. The shift in the peak of dR/dcos θ is pronounced for the interaction operatorŝ O 5 ,Ô 7 ,Ô 8 ,Ô 13 , andÔ 14 . For the v ⊥ dependent operatorsÔ 3 ,Ô 12 andÔ 15 the effect is instead negligible, as for these operators the contribution off (2) M (w T , w) to dR/dcos θ is sub-leading (see also Eq. (A.1) in Appendix A).
Threshold effects
We now relax the assumption E th = 0, and study the impact of a finite experimental energy threshold on the differential rate dR/dcos θ. Here we consider E th = 20 keV, though lower energy thresholds are expected for the future [7] . We restrict the analysis to a directional detector made of CF 4 , and consider 10 GeV and 100 GeV as benchmark dark matter particle masses. Fig. 10 shows the ratio of the differential rate dR/dcos θ for E th = 20 keV to the same rate with E th = 0 for all interaction operators in Tab. 1. Colors and lines refer to the operators reported in the legends.
Regarding threshold effects, we find that the operators in Tab. 1 divide into 4 independent subsets. A first subset includes the operatorsÔ 1 ,Ô 4 ,Ô 7 , andÔ 8 . These are the operators most sensitive to a finite energy threshold. They contribute to the differential in the direction of −v e , with velocity dispersion σ v = 5 km s −1 , and ρ χ = 0.3 GeV cm −3 . We report dR/dcos θ for a directional detector with head-tail discrimination made of CF 4 , and assume m χ = 100 GeV. The left panel and the right panel refer, respectively, to the isoscalar and isovector components of the operators in Tab. 1, as shown in the legends. rate (2.12) through dark matter response functions either constant, or proportional to v 2 T . The remaining 3 subsets of operators are increasingly less sensitive to threshold effects. The second subset of operators involvesÔ 5 ,Ô 9 ,Ô 10 ,Ô 11 ,Ô 12 ,Ô 13 , andÔ 14 . The dark matter response functions of these operators are either proportional to q 2 , or to q 2 v 2 T (v 2 T contributions are sub-leading). The third and fourth subsets consist ofÔ 3 andÔ 6 , and ofÔ 15 alone, respectively. The former is characterized by dark matter response functions proportional to q 4 (q 2 v 2 T contributions are sub-leading). The latter by response functions proportional to q 6 (q 4 v 2 T contributions are sub-leading). The dependence on the momentum transfer specific to operators in different subsets reflects in the 4 distinct behaviors that we observe in the top panels (m χ = 100 GeV) and in the bottom panels (m χ = 10 GeV) of Fig. 10 . As expected, for low dark matter particle masses, and for cos θ −1, threshold effects are more pronounced.
Conclusions
We have extended the formalism of dark matter directional detection to arbitrary one-body dark matter-nucleon interactions. The resulting theoretical framework predicts 28 independent recoil energy spectra characterized by 8 isotope-dependent nuclear response functions, and by the Radon transforms of the first and second moment of the local dark matter velocity distribution. In this study, we have analytically computed the Radon transform of the first 2 moments of a truncated Maxwell-Boltzmann distribution, and made use of nuclear response functions recently obtained in the literature through numerical nuclear structure calculations.
We have computed the rate dR/dcos θ as a function of the nuclear recoil angle for the 28 isoscalar and isovector dark matter-nucleon interactions of the theory. We have presented Figure 10 . Ratio of the differential rate dR/dcos θ for E th = 20 keV to the same rate with E th = 0, for all interaction operators in Tab. 1. Colors and lines refer to the operators reported in the legends. The top panels correspond to m χ = 100 GeV, whereas the bottom panels refer to m χ = 10 GeV.
our results for 3 hypothetical dark matter directional detectors with head-tail discrimination composed of CS 2 , CF 4 and 3 He, respectively. The relevant nuclear response functions for the isotopes 3 He, 12 C, 19 F and 32 S are listed in Appendix B. We have separately considered the case of dark matter particles from the Milky Way dark matter halo, and of a dark matter stream.
We have found that only CF 4 and 3 He detectors can probe all interactions explored in this work ( 3 He detectors with a typically smaller rate). CS 2 detectors are insensitive to dark matter-nucleon interaction operators that couple to the nuclear spin-current only, as both 12 C and 32 S have zero spin. Interestingly, we have found that the spin-dependent operatorŝ
] remain accessible to CS 2 detectors, in that the operatorsÔ 12 andÔ 15 generate a non zero nuclear spin-velocity current.
We have also found that for CF 4 detectors the operatorÔ 11 = iŜ χ ·q/m N can contribute to dR/dcos θ with the same strength of the more popular operatorÔ 4 =Ŝ χ ·Ŝ N , thougĥ O 4 is momentum independent. This intriguing result highlights the importance of nuclear response functions, and numerical nuclear structure calculations in dark matter directional detection.
We have characterized the dependence on m χ , and on the experimental energy threshold E th of the rate dR/dcos θ for all one-body dark matter-nucleon interactions in Tab. 1. For a given dark matter-nucleon interaction, both properties reflect the momentum transfer dependence of the differential scattering cross-section. We have found that the stronger the differential cross-section depends on the momentum transfer the less a specific interaction is sensitive to E th .
Finally, we have found that the rate dR/dcos θ for the operatorsÔ 5 ,Ô 7 ,Ô 8 ,Ô 13 , and O 14 has not a maximum in the direction opposite to the observer's motion. The shift in the peak of dR/dcos θ is pronounced for dark matter streams. This effect is present whenever the second moment of the dark matter velocity distribution is quantitatively important, as for the operators listed above. This feature is similar to the rings found in [6] studying d 2 R/dcos θdE R , but it characterizes the rate dR/dcos θ, which is integrated above the energy threshold E th .
Our study shows that the phenomenology of dark matter directional detection can be more complex and rich than in current analyses based on the familiar operatorsÔ 1 andÔ 4 only. The equations reported in this work can be used for model independent analyses of dark matter signals at directional detection experiments.
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A Dark matter response functions
Below, we list the dark matter response functions that appear in Eq. (2.5). The notation is the same used in the body of the paper. 
B Nuclear response functions
Below, we list the nuclear response functions relevant for dark matter directional detection and different from zero. For 3 He, 12 C, and 32 S, we use the nuclear response functions that we obtained in [68] . For 19 F we adopt the nuclear response functions found in [39] .
Helium ( 
